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Various sizing methodologies are currently available to get a ﬁrst estimate of the required Hall effect thruster
dimensions for a given input power and a corresponding thrust and speciﬁc impulse level. In this work, a semiempirical approach to compute the three characteristic thruster dimensions, i.e., the channel length, the channel
width, and the channel mean diameter, is introduced. The magnetic ﬁeld strength is also considered. The
determination of the scaling relations is based on analytical relationships deduced from the physical mechanisms that
govern the properties of a Hall thruster discharge. A set of simplifying assumptions naturally speciﬁes the validity
domain of the relationships. The existence of a critical propellant atom density inside the channel, which warrants a
high-efﬁciency thruster operation, is revealed and commented. The proportionality coefﬁcients of the scaling
relations are assessed by way of a vast database that comprises 33 single-stage Hall effect thrusters covering a power
range from 10 W up to 50 kW. The sizing method is employed to access the geometry and the operating parameters
for a 20 kW-class Hall thruster operating with xenon. Results obtained with two different series of simplifying
assumptions are compared. The ﬁrst set forms a very restrictive frame. The second set offers a more realistic
description of the physics at work as the electron temperature, the energy losses and multiply charged ion species are
taken into account.
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Nomenclature
A
B
CI

2

= channel cross section; area, m
= magnetic ﬁeld, G
= proportionality coefﬁcient for the discharge
current
= proportionality coefﬁcient for the speciﬁc
CIsp
impulse
= proportionality coefﬁcient for the channel length
CL
= proportionality coefﬁcient for the power
CP
= proportionality coefﬁcient for the thrust
CT1 , CT2
= proportionality coefﬁcient under low
C
assumptions
d, dext , dint = mean, external and internal channel diameter [m]
e
= elementary charge, C
E
= electric ﬁeld, V=m
= fraction of doubly charged ions
f2
= Earth standard gravity, m=s2
g0
h
= channel width, m
= current, discharge current, electron current, Hall
I, Id , Ie ,
IHall , Ii
current, ion current, A
= speciﬁc impulse, s
Isp
= Hall current density, A=m2
jHall
k
= index number
= Boltzmann constant, J=K
kB
L
= channel length, m
= acceleration layer length, m
La
= magnetic layer characteristic size, m
Lb
me , mi , mn , = electron mass, ion mass, propellant atom mass,
kg=s
= propellant mass ﬂow rate through the anode,
m_n , m_ i
ion mass ﬂow rate, kg=s

r, R
rLe
S
T
Te , Tn
Ud
ve , vn
v i
V
Z
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= atom number density, m3
= critical atom density, m3
= discharge electrical power, overall input
power, W
= inner, respectively, outer, channel radius, m
= electron Larmor radius, m
= surface, m2
= thrust, N
= electron temperature, atom temperature, K
= discharge voltage, V
= thermal speed of electrons and atoms, m=s
= mean ion ﬂow velocity, m=s
= volume, m3
= atomic number
= propellant conversion efﬁciency
= voltage losses, V
= anode efﬁciency, thrust efﬁciency
= correction factors for the presence of multiply
charged ions
= ionization mean free path, m
= electron–atom collision frequency, Hz
= ionization frequency, Hz
= mathematical constant 
= scaling index variable
= cross section for ionization, m2
= electron–atom momentum exchange cross
section, m2
= gyroperiod, s
= electron–atom collisional time, s
= beam divergence correction term
= electron cyclotron frequency, Hz
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A

HALL effect thruster (HET) is an advanced propulsion device
that uses an electric discharge with magnetized electrons to
ionize and accelerate a propellant gas [1,2]. Because of interesting
features in terms of exit velocity, efﬁciency, thrust-to-power ratio and
lifetime, HETs are recognized as an attractive propulsion means for
missions and maneuvers that require a large velocity increment. A
schematic of a Hall thruster is depicted in Fig. 1. The principle relies
upon a magnetic barrier and a low-pressure DC discharge generated
between an external cathode and an anode in such a way that a
crossed electric and magnetic ﬁeld discharge is created [1–4]. The
anode, which also serves as gas injector, is located at the upstream
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Fig. 1 Cross-section view of a Hall effect thruster showing the main
components. The three characteristic dimensions L, h, and d are also
indicated.

end of a coaxial annular dielectric channel that conﬁnes the
discharge. Xenon is generally used as a propellant gas for its speciﬁc
properties in terms of high atomic mass and low ionization energy. A
set of solenoids provides a radially directed magnetic ﬁeld B of
which the strength is maximum in the vicinity of the channel exhaust.
The magnetic ﬁeld is chosen strong enough to make the electron
Larmor radius much smaller than the discharge chamber length, but
weak enough not to affect ion trajectories. The electric potential drop
is mostly concentrated in the ﬁnal section of the channel owing to the
low electron axial mobility in this restricted area. The corresponding
induced local axial electric ﬁeld E has two main effects. First, it
drives a high electron azimuthal drift, the Hall current, that is
responsible for the efﬁcient ionization of the supplied gas. Second, it
accelerates ions out of the channel, which generates thrust. The ion
beam is neutralized by a fraction of electrons emitted from the
cathode. When operating near 1.5 kW, a HETejects ions at 20 km s1
and generates 100 mN of thrust with an overall efﬁciency of about
50%.
HETs are currently employed for geosynchronous satellite attitude
correction and station keeping. They also appear as good candidates
for the primary propulsion engine of space probes, as demonstrated
by the successful SMART-1 moon ﬂyby solar-powered mission [5].
Space agencies together with satellite manufacturers and users
nonetheless envisage new ﬁelds of application for electric propulsion
systems that require low and high-power devices. Low-power Hall
thrusters (100 W) are well suited for drag compensation of
observation satellites that operate on a low-altitude orbit in the Earth
atmosphere as well as for trajectory correction of small platforms and
microsatellite constellations. The use of high-power (5 kW) Hall
thrusters for orbit raising and orbit topping maneuvers of communication satellites would offer signiﬁcant beneﬁts in terms of launch
mass, payload mass and operational life. In addition, journeys toward
far-off planets and asteroids with large and heavy robotic probes and
moon and Mars cargo missions necessitate to build thrusters with an
input power in the range of 10–100 kW. In view of the projects
demand, it appears necessary to expand the operating envelope of the
existing technology to achieve the required performance level. A
nontrivial question then arises: How to extrapolate the design and
architecture of currently existing Hall thrusters toward different
scales and different operating conditions? In other words, what are
the scaling relations that connect Hall thruster characteristic dimensions with operating parameters and performances?

II.

Overview of Previous Studies and Aim of the Work

Scaling relations that govern the physical properties, the
accelerating ability, and the propellant and energy consumption of
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Hall thrusters have been extensively investigated by numerous
authors since the period of development of Hall thrusters in the ’70s.
In spite of decades of research on this subject, the assessment of
scaling relations is still a topic of interest as various methodologies
and results exist. Therefore, before describing the approach
associated with this study as well as its outcomes, it is worth brieﬂy
reviewing works carried out on this topic during the past few years.
According to the pioneer works of the Russian physicist Morozov
and Savelyev [3], to derive scaling relations it is necessary to ﬁnd a
similarity criterion, or a set of criteria, that warrant the underlying
physical processes to stay unchanged whatever the thruster. This
principle states that the properties of thrusters with a different
geometry are linked by way of scaling relations only if a sufﬁciently
large number of dimensionless similarity criteria coincide. The
complete set of similarity criteria has not yet been found, however, all
works show that the Melikov–Morozov criterion has a strong impact
on HET behavior and characteristics and it must always be taken into
account. This criterion indicates that the ionization mean free path
must be less than the channel length (i  L). In addition to
similarity criteria, the investigation of scaling laws for Hall thrusters
necessitates to account for simplifying assumptions and physical
constraints.
Zhurin et al. proposed a sizing method which is limited to the
effects of changing either the channel width h or the channel mean
diameter d [1]. The channel mean diameter being much larger than
the channel width, variation of parameters in the radial direction are
negligible. Furthermore, they considered a ﬁxed discharge voltage.
To obtain similar performances for two different thruster conﬁgurations, authors postulate that the ratio of the Larmor radius rL , the
mean free path  and the channel length L to channel width h must
stay the same for the two conﬁgurations. Using these criteria and a set
of assumptions they demonstrate that the magnetic ﬁeld strength is
inversely proportional to the channel width B / 1=h, whereas the
discharge current and the propellant mass ﬂow rate are proportional
_ / d.
to the channel mean diameter Id / d and m
It was demonstrated by Kim [4] that to reach a high level of
efﬁciency it is not only necessary to ionize and accelerate ions but to
accelerate them into the proper direction, hence the need for an
optimized magnetic ﬁeld topology. In short, for a HET with an
optimized magnetic ﬁeld map, there is a relationship between the
acceleration layer length La and the magnetic layer characteristic size
LB and between La and h. The use of these similarity criteria, which
include the magnetic ﬁeld structure, permits to simplify the
development of new Hall thruster models. Kim et al. also emphasize
the fact that for a traditional HET design the Melikov–Morozov
criterion must be fulﬁlled [6]. Moreover they give additional criteria
about the geometry of thruster elements, i.e., the channel length L
and mean diameter d are both proportional to the channel width h,
that are equivalent to the ones given by Zhurin et al. [1]. There are two
immediate consequences. First, the propellant mass ﬂow density and
the power density rise when the thruster size decreases, assuming a
constant discharge voltage and a constant mass ﬂow rate. Second, as
the magnetic ﬁeld strength is connected with the characteristic
dimensions, notably the channel width, and with the operation mode,
the magnetic ﬁeld magnitude must rise when the size reduces to keep
comparable conditions.
The method presented by Ashkenazy et al. concerns low-power
scaling and it is based on the idea of a sufﬁcient propellant utilization
[7]. They show by means of a simpliﬁed analysis that a straightforward approach for scaling down the channel size results in a rise of
power losses and a reduced overall efﬁciency. To avoid these effects,
the acceleration region has to be scaled down along with the channel
width and the magnetic ﬁeld strength must be increased inversely
proportional to the channel width.
Khayms and Martinez-Sanchez developed an approach for lowpower thrusters that includes the use of reference points [8]. The goal
is to achieve a reduction in the thruster length scale while preserving
both the thrust efﬁciency and the speciﬁc impulse. The main result of
their study is that the propellant mass ﬂow rate and the applied power
_ / L and P / L, whereas the magnetic
scale as the channel length, m
ﬁeld strength is in inverse proportion to the latter, B / 1=L. This
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scaling method allows to calculate the channel size and the
performances of a small thruster with a given input power provided
that a well-known thruster is used as a reference.
Daren et al. suggested an improvement of the existing scaling
theory by introducing a scaling index variable [9]. They assume that
the electron temperature and the discharge voltage are constant, that
the ratio i =L is constant and that the geometric similarity is given by
r=R  constant and R2 =L  constant, where R and r are the
channel outer, respectively, inner radius and  represents a scaling
index variable. They show by way of a comparison of experimental
data with numerical outcomes for different values of , that results
obtained from their scaling theory agree well with the experimental
data for   2. Therefore they deduce that the number density n is
_ the input power P, the thrust
constant, whereas the mass ﬂow rate m,
T and the discharge current Id are proportional to the square of the
outer channel radius R.
Finally, Misuri et al. advised to employ an analytical model
coupled to an existing Hall thruster database [10]. This scaling
methodology aims to provide design options for high-power
thrusters. The idea is to create a vector of fundamental parameters
deﬁning the thruster geometry and its performances. This vector is
composed of three geometric parameters (L, h, and d), the gas
number density in the injection plane and the applied discharge
voltage Ud . A scaling matrix derived from the Hall thruster physical
principles allows to obtain new thruster characteristics on the basis of
a reference thruster.
In a recent article [11], we put forward an original way to
extrapolate Hall thruster geometry (L, h, and d quantities) and
magnetic ﬁeld strength toward both the low- and high-power ranges.
The approach is based on the combination of a set of scaling relations
that are extracted from fundamental equations along with a vast body
of existing data. Strong assumptions are made to deﬁne the working
frame: among others, quantities are steady and homogeneous in the
plasma, the applied potential energy is fully converted into axial
kinetic energy and all xenon ions are singly charged. Our study
indicates both the input power and the thrust scale as hd=L whereas
the magnetic ﬁeld intensity varies as 1=hd. Besides, realistic
constraints on the performance level and on the thermal load are
added to limit the set of possible values for the characteristic sizes. In
this contribution, the scaling relations and the sizing methodology
previously worked out are reﬁned by taking into account an atom
density constraint inside the channel and the fact that the channel
mean diameter d is proportional to the channel width h. Furthermore,
we study the effect of reducing the number of simplifying assumptions. A new set of scaling relations is then given when considering
the evolution of the electron temperature Te , the voltage losses , and
the fraction of doubly charged ions f2 as a function of the discharge
voltage Ud as well as the ion beam divergence. The two sets of
scaling relations obtained under high and low assumptions are
subsequently used to determine the geometry and the operating
parameters of a 20 kW-class Hall thruster.

1.

Propellant Ionization

The ﬁrst relationship reﬂecting the impact of the thruster scale on
its performance is the relationship between the discharge channel
length L and the ionization mean free path i . To ensure a sufﬁcient
ionization of the gas, atoms must stay long enough inside the
channel. Differently said, it is necessary to satisfy the Melikov–
Morozov criterion:
i  L

The ionization frequency that originates from electron–atom impacts
reads:
s
8kB Te
i  nn hi ve ve i nn i Te 
(2)
me
The ionization length, which corresponds to the mean distance an
atom can travel before being ionized, can be formulated as the ratio
vn =i in a ﬁrst-order approximation. Therefore, the Melikov–
Morozov criterion can be expressed as:
i 
2.

III. Set of Governing Relations and Scaling
The geometry of a Hall effect thruster is deﬁned by three
characteristic dimensions, namely: the discharge channel length L,
the channel mean diameter d  12 dext  dint , and the channel width
h. For the sake of clarity, the three sizes are shown in Fig. 1. As we
will see, the thruster geometry depends upon a set of operating
parameters such as the discharge voltage Ud and the propellant mass
ﬂow rate m_n , as well as upon the magnetic ﬁeld strength B.
A necessary ﬁrst step to determine scaling relations for Hall
thrusters does consist in ﬁnding some critical parameters as well as in
deﬁning similarity criteria based on the current knowledge and
understanding of the physics of Hall thrusters. Therefore, processes
at the origin of thrust, must be considered and critically examined. In
the remainder of this paragraph, all quantities are assumed to be
steady in time and uniform in space to permit the derivation of
necessary equations.

(3)

Electron Conﬁnement

rLe  L

(4)

The deﬁnition of the electron Larmor radius is:
rLe 

me ve Te 
eB

(5)

Keeping the ratio of rLe to L constant, the following relationship can
be established:
B/

me ve Te 
e L

(6)

The relation (6) between the magnetic ﬁeld strength B and the
channel length L has already been mentioned by Khayms and
Martinez-Sanchez [8].
A second constraint can be established due to the fact that the
electron gyroperiod ce in the magnetic barrier must be much shorter
than the time between two consecutive electron-atom collisions en
to minimize electron diffusion losses:


ce

Ionization and Plasma Containment

vn Tn 
L
nn i Te ve Te 

The magnetic ﬁeld strength in a Hall effect thruster is such that
electrons are magnetized and ions are not, or at least weakly,
magnetized. Because ions are much heavier than electrons, the
following criterion must be fulﬁlled [4]:

en

A.

(1)

!ce
eB

en me nn en ve

1

(7)

where !ce  eB=me and en  nn en ve [12]. This point warrants
electrons are efﬁciently trapped inside the magnetic ﬁeld of a Hall
thruster, which is necessary to produce a high electric ﬁeld and to
favor ionization of the seeded gas. In fact, en is so long in a HET that
anomalous electron transport perpendicular to the magnetic ﬁeld
lines must be put forwards to correctly explain the observed
properties and the magnitude of measured quantities [1,3,13].
Equation (7) implies:
B/

me
 T ; T v T n
e en n e e e n

(8)

This equation indicates that B depends upon the gas density nn in
compliance with the fact that plasma conﬁnement depends on
collision events with neutrals. For a given thruster, the higher the gas
density inside the channel, i.e., the larger the propellant ﬂow, the
stronger the magnetic ﬁeld must be. Aforementioned equation also
shows it is necessary to increase B when the applied voltage is
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ramped up as the electron temperature augments with the voltage, see
Sec. VII.
3.

Neutral Particle Density

The Melikov–Morozov criterion, see Eq. (3), can be used to link
the propellant atom number density nn to the channel length L when
keeping the ratio i =L constant for all thrusters. However, two other
hypothesis are necessary. The propellant speed vn and the electron
temperature Te do not depend upon the thruster operating conditions.
Whereas the ﬁrst assumption is reasonable, see, e.g., [14], the second
one is only valid at a ﬁxed discharge voltage as discussed in Sec. VII.
Thus, Eq. (3) leads to:
L/

1
nn

V

ZZ

jHall

 2r

 2

2
A  dext
 dint
  dext  dint  dext  dint  hd
4
4 |{z} |{z}

(11)

_i
m

mn  mn 2
I 
I
e
2e

T  mn

We can therefore consider that for a constant atom temperature:

Z
X
I k vk
k1

(12)

This relationship between the atom number density and the thruster
dimensions h and d has never been mentioned previously, as authors
never considered two sizes at the same time. To keep the physical
processes at work in a Hall effect thruster unchanged, to warrant a
high efﬁciency and to limit the thermal load as well as the channel
wall wear, the number densities of electrons and atoms must stay
roughly ﬁxed inside the thruster channel whatever the input power, as
we will see in a following paragraph.
Relationship Between Performances and Dimensions

The deﬁnition of the thrust T, the speciﬁc impulse Isp , the various
currents, the thrust efﬁciency T, and the anode efﬁciency A can be
found in many papers and in most textbooks about electric
propulsion (see, e.g., [2,15]). Here we use common deﬁnitions to
determine the relationships between Hall thruster functioning
parameters, performances, and channel characteristic dimensions.
1.

(17)

where the superscript indicates the electrical charge. The thrust can in
fact be split into a ﬁnite series of elementary terms, each of them
corresponding to a given ion species:

2h

_n
m
hd

(16)

To sum up, in a Hall thruster, the thrust is transferred from the ion
ﬂow to the thruster body through the magnetic ﬁeld.
When analyzing the thrust generation in a Hall thruster, one must
take into account the presence of multiply charged ion species,
especially doubly charged ions [16] of which the fraction is
signiﬁcant with xenon. If the beam contains the two types of ions, the
ion mass ﬂow rate is then:

(10)

The annular channel cross section A is given by:

B.

(15)

 dIHall B

_ n  nn mn vn A
m

nn /

B dS

S

(9)

The relation (9) is similar to the one developed before by, e.g., Zhurin
et al. [1] and Khayms and Martinez-Sanchez [8]. It tells the channel
length can be decreased when the gas density rises as ionization is
favored.
Another relation between nn and Hall thruster dimensions can be
established when considering the propellant mass ﬂow rate passing
_ n . The mass ﬂow rate can be decomposed into
through the anode m
the product of several terms:

2d

magnetized in a Hall thruster, the presence of a transverse magnetic
ﬁeld is responsible for a large azimuthal drift current, also called Hall
current. Indeed, electrons in the plasma feel an E B drift, hence
they move perpendicular to the electric and magnetic ﬁeld [1,2]. The
Lorentz force electrons experience is equal to the electrostatic force
on the ions, hence:
ZZZ
jHall B dV
(14)
T

(18)

ke

_ i,
where Z is the atomic number. Using the preceding deﬁnition for m
the thrust corrected for the multiple species and for the ion beam
divergence can then be written down in the simple form:
s
s
2e p
2e p
_
_
(19)
Ud     d mn
Ud  
T   d mi
mn
mn
where  is the multiply charged ion correction factor and d is the
beam divergence correction factor. The two factors are described in
detail in [2]. They naturally depend on the thruster operating
conditions. Here, the quantity (Ud  ) is the potential ions really
experience. The preceding equation is obtained under the assumption
that all types of ions are produced at the same location and therefore
undergo the same potential drop. In other words, the voltage losses
for ions are independent of the charge number. In that case, the mean
ion exhaust velocity can be deﬁned as [3]:
s
2e
U  
(20)
v i 
mi d

Thrust

The thrust is the force supplied by the engine to the spacecraft. It is
given by the time rate of change of the momentum since the
spacecraft mass varies with time due to propellant consumption. In a
Hall thruster, ions originate in the ionization of the propellant gas and
they are accelerated by an electric ﬁeld within the plasma. The thrust
therefore results from the electrostatic acceleration of the ions:

If one considers solely singly and doubly charged ions, the multiply
charged ion correction factor  reads:

_ n vi
T  m_ i v i  m

Combining Eqs. (10), (11), and (19), yields an expression for the
thrust as a function of the channel sizes:
p
(22)
T /  d nn vn Tn  Ud  hd

(13)

where the coefﬁcient  stands for the fraction of propellant atoms that
are converted into ions, whatever the electric charge. For
conventional Hall effect thruster, the typical value of  is around
0.9 with xenon when only singly charged ions are accounted for.
Nonetheless, the value of  depends on the discharge voltage [11].
Moreover, it is known that smaller thrusters have a lower propellant
conversion efﬁciency. Notwithstanding the fact that ions are not

2



1  pI2I
1

I 2
2I 

;



f2
1  p21f

1

2 

f2
21f2 

(21)

As we have shown previously with Eq. (9), varying the atom density
nn corresponds to varying the channel length the opposite way.
Therefore, a general relationship between the thrust and Hall thruster
characteristic sizes reads:
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T /  d vn Tn 
2.

1 p
Ud  hd
L

Speciﬁc Impulse

The speciﬁc impulse is a way to describe the efﬁciency of rocket
and spacecraft engines. It represents the change in momentum per
unit of propellant. Essentially, the higher the speciﬁc impulse, the
less propellant is required to gain a given amount of momentum. In
this regard a propulsion method is more propellant-efﬁcient if the
speciﬁc impulse is higher. The speciﬁc impulse is deﬁned by the
following equation:
Isp 

T
_ 0
mg



d

v i
g0

(24)

_ refers to
where g0 is the standard gravity at Earth’s surface. Here, m
the total gas mass ﬂow rate, that means the anode as well as the
cathode gas ﬂow rate. When solely the anode mass ﬂow rate is used,
strictly speaking the Isp then corresponds to the anode Isp . According
to Eq. (19), in a ﬁrst-order approximation, the speciﬁc impulse is not
a function of the thruster sizes [11]:
p
(25)
Isp / Ud  
It is solely proportional to the square root of the discharge voltage.
Note that for a parallel beam of singly charged ion species under the
condition of full ionization of the supplied propellant, the speciﬁc
impulse is simply given by the ratio vi =g0 . This expression is often
found in books and articles.
3.

1
1
T
/ p /
Ud Isp
P

(23)

(33)

This last equation shows that for a given input power, increasing the
speciﬁc impulse reduces the thrust that can be produced.
Preceding relations between the performances and the dimensions
are in agreement with those described by Daren et al. [9]. If one
considers, as they do, a constant number density nn, a constant
discharge voltage Ud and a geometric similarity such as R / r, it
appears that the thrust, the electrical power and the discharge current
vary as the square of the channel mean diameter.
4.

Efﬁciency

The total efﬁciency, or thrust efﬁciency, of a Hall thruster is
deﬁned as the ratio of the mechanical power to the overall electrical
power [2]. It reads:
T 

T2
_ in
2mP

(34)

_ accounts for both the anode and the cathode gas
The mass ﬂow rate m
ﬂow rate. The total power Pin comprises the discharge power P as
well as the power dissipated into the coils and for cathode heating. As
the last two quantities are much below the discharge power, the thrust
efﬁciency is often given by:
T 

T2
_ d Id
2mU

(35)

In this work, only the gas ﬂowing through the injector is considered.
The thrust is then expressed as the anode efﬁciency:

Electrical Power

The discharge current is the sum of the ion current in the beam and
the electron current ﬂowing across the channel outlet: Id  Ii  Ie .
Neglecting the electronic part, which is a small fraction of the ionic
part (typically 10–20%), one can write:
Ii 

Id

Z
X

I k

a 

(26)
a / 

Id

e 0
e 0
_n
_i 
m
 m
mn
mn

(27)

If again solely singly and doubly charged ions are taken into account,
the correction factor  0 is given by:
2

0 

1  II

;
I 2

1  2I

0 

f2
1  1f
2
f2
1  21f
2 

(28)

(36)

Using the set of available equations for all terms, the anode efﬁciency
appears not to be a function of the Hall thruster channel dimensions:

k1

The discharge current can therefore be expressed in terms of
propellant mass ﬂow rate:

T2
_ n U d Id
2m

2
d

 2 Ud  
≠ fh; d; L
 0 Ud

(37)

This striking result actually originates from approximations of our
model. Especially, the propellant conversion efﬁciency  and the
voltage losses  are said not to change with the geometry. It is well
known, however, that efﬁciency has a strong dependence on thruster
size: the efﬁciency is better when the thruster is larger. This fact is
directly linked to the volume-to-surface ratio: plasma is produced in
volume (so the thrust) and energy is lost on surfaces (i.e., channel
walls) by way of particle bombardment and recombination.
Neglecting losses at the channel back, the ratio VS is equal to h2, which
explains the gain in efﬁciency with the size.

Substituting Eq. (10) into previous equation gives:
Id

e 0 nn vn Tn hd

(29)

Finally, from the relation between the gas density and the channel
sizes, one ﬁnds:
Id /  0 vn Tn 

hd
L

(30)

As a direct consequence, the input electrical discharge power is:
P  U d Id
/  0 vn Tn 

hd
U
L d

(31)

(32)

It is worth noticing that for a Hall thruster, the thrust-to-power ratio is
not linked to the sizes; it solely depends upon the applied voltage.
Voltage losses are always low in comparison with the applied
voltage,   Ud , hence the thrust per unit input power is:

IV.
A.

Performance and Geometry Data

Description of the Database

A thorough open literature search using a wide range of resources
combined with data-gathering within the French research program
on electric propulsion allowed us to create a large database on Hall
effect thrusters. The database contains information about thruster
geometry as well as performances, notably the thrust T, the speciﬁc
impulse Isp and the anode efﬁciency a for a series of 33 different
single-stage Hall thrusters. The database also includes information
about the magnetic ﬁeld strength B, the discharge channel wall
materials, and the propellant gas. The entire database covers a vast
range of input power that stretches from 10 W up to 50 kWand a large
collection of data points in terms of applied discharge voltage and gas
mass ﬂow rate. A broad range of thrust level is covered, going from
0.4 mN with a micro Hall thruster up to almost 3 N delivered by the
high-power thruster developed at NASA. In this work, we focus on
Hall thrusters equipped with BN-SiO2 channel walls and operating
with xenon as a propellant gas. A part of the collected data in terms of
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4) The potential energy is fully converted into kinetic energy and
all ions experience the whole potential drop, of which the magnitude
is Ud   0.
5) Plasma-wall interactions are taken into account through heat
load to the channel walls.
6) The magnetic ﬁeld is uniform; solely its value at the exit plane is
considered. The channel length L is therefore the length of the region
with magnetic ﬁeld.
7) Electron transport across the magnetic barrier is considered as
classical: no anomalous transport is accounted for within the region
of strong magnetic ﬁeld.
8) There are no multiply charged ions in the plasma (   0  1).
9) A parallel monokinetic ion beam is produced, i.e., the plasma jet
divergence is null ( d  1).
B.
Fig. 2 Channel width h as a function of the channel mean diameter d
for a variety of Hall effect thrusters (sizes are in arbitrary units). The two
dimensions d and h are proportional.

Set of Scaling Relations

The scaling relations are then obtained from equations derived in
Sec. III using the set of high assumptions. Therefore they read:
p
_ n Ud
T  CT1 m
(38)

thrust, speciﬁc impulse and thrust efﬁciency is represented in
previous papers [11,15].
B.

p
T  CT2 Ud d2

(39)

p
Ud

(40)

Dimensional Trends in the Data

It was shown in preceding studies that there is an optimum atomic
number density nn to keep the physical processes at work in a Hall
thrusters unchanged, to warrant a high efﬁciency and to limit the
thermal load as well as the wall wear [11,17]. According to the large
amount of gathered data, the critical value that turns out to guarantee
a satisfying operation is nn;c  1:2 1019 m3 . This is also the value
that is commonly found in literature [2]. When nn < nn;c , the
collision events between atoms and electrons are too scarce to
maintain a high ionization level. When nn > nn;c , the electron
magnetic conﬁnement is weaken due to the high electron-atom
collision frequency inside the channel. As the electron diffusion
perpendicular to the magnetic ﬁeld increases, the electric ﬁeld
expands and decreases in strength, the overlap between the ionization
and acceleration layers stretches out and the electron back stream
through the channel outlet rises. As a consequence, the thruster
efﬁciency drops.
The existence of a critical atom number density nn;c has one direct
consequence. According to Eqs. (10) and (11), the channel area is
_ n . It conﬁrms that when
proportional to the gas ﬂow rate: hd / m
sizing a Hall thruster, the hd product must follow the evolution of the
mass ﬂow rate to ensure a high efﬁciency. In Fig. 2, the channel width
is plotted as a function of the mean diameter for different thrusters
covering a broad power range. As can be seen, the two dimensions h
and d are in fact proportional. All existing Hall thrusters seem to have
a similar d=h ratio whatever the input power. This surprising result
could be explained by the fact that the geometry of all Hall thrusters is
an extrapolation of a ﬁrst Russian Hall thruster design. Figure 3
shows the variation of ratio of the mean diameter to the channel width
as a function of the normal input power for different thrusters. As can
be seen the variation is quite low over a broad range of thruster scales.
Note that, due to nn;c , there is also a critical electron number
density to ensure an efﬁcient thruster operation. The ionization
degree being roughly 10% in a Hall thruster, the critical electron
density lies around 1018 m3 .

Isp  CIsp

I d  CI d 2

(41)

P  CP U d d 2

(42)

L  CL i

(43)

where C factors are proportionality coefﬁcients. One should keep in
mind that all equations are only valid when nn is considered to be
constant and equal to the critical density nn;c. The validity of this set
of relations can naturally be veriﬁed using the database. As an
illustration,
Fig. 4 displays the thrust as a function of the product
p
 2
Ud d for different thrusters. The dashed line represents a linear ﬁt
through all data points. For each thruster some values of T are chosen
close to the point of normal operation.
C.

Magnetic Field

The magnetic ﬁeld is treated separately in this work. The scaling
relations for the magnetic ﬁeld strength can be obtained using
Eqs. (6), (8), and (12):

V. Scaling Relations in the Case of High Assumptions
A.

List of High Simplifying Assumptions

To simplify the determination of scaling relations, the following
assumptions have been made ﬁrst:
1) All quantities are steady in time and uniform in space.
2) The electron temperature is unchanging whatever the operating
conditions.
3) The propellant gas has a uniform and ﬁxed temperature all over
the channel, hence a constant propellant velocity.

Fig. 3 Normalized ratio of the channel mean diameter to the channel
width as a function of the thruster input power.
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_ n =hd
B/m

and B / 1=L

(44)

More general relations are obtained from the set of low assumptions,
see Sec. VII:
p
p
Ud
Ud
_n
B/m
and B /
(45)
hd
L
These relations indicate the ﬁeld intensity has to be increased for a
given thruster geometry when the discharge voltage rises and the
propellant ﬂow rate augments to keep a proper plasma conﬁnement.
Equations (44) and (45) also show that the magnetic ﬁeld must be
reduced when the thruster sizes increase while keeping the operating
conditions of the thruster constant. Nonetheless, according to our
database, Hall thrusters operate with a magnetic ﬁeld strength around
typically 200 G, whatever the input power. It is a consequence of the
fact that most Hall thrusters operate nominally with a gas density
inside the channel close to the critical atom number density nn;c.
When the atom density is ﬁxed the magnetic ﬁeld does not depend
anymore on the channel diameter d and width h [see Eq. (8)]. It
becomes merely a function of the channel length L. Naturally, not
only the maximum of the magnetic ﬁeld determines the thruster
efﬁciency. The entire topology is of relevance. To account for
gradients, curvature and position is out of the scope of this study. In
the remainder of the paper, B is ﬁxed to 200 G.
D.

Assessment of Proportionality Coefﬁcients

To assess the required thruster dimensions by way of a scaling
method for an available input power or thrust level, it is thus
necessary to know the proportionality coefﬁcients C of the aforementioned equations. These coefﬁcients can be determined either
empirically, using the database, or analytically as explained in detail
in a previous paper [11]. However, the empirical approach appears to
be more accurate.
The empirically determined proportionality coefﬁcients used for
sizing a Hall effect thruster are not given in this contribution as it is
sensitive information. Only the CP and CT coefﬁcients can be derived
from outcomes of this study. Yet, they are available in an article
previously published by Jankovsky et al. [18].

VI.
A.

Sizing of High-Power Hall Thrusters

Sizing Methodology

The scaling process that consists in determining the thruster
dimensions L, h, and d must be carried out step by step. A detailed
description of the procedure is given in another paper [17]. For a ﬁxed
discharge voltage and a given thrust level, the standard procedure is
the following:
1) The required mass ﬂow rate is determined by means of Eq. (38).
2) The diameter d is obtained using Eq. (39).
3) The discharge current is given by Eq. (41).
4) The electric power reads: P  Id Ud .
5) The size of h is found using the relationship h / d.
6) The channel length L is assessed with Eq. (43).
7) At least, it should be veriﬁed that the number density nn is close
to 1:2 1019 m3 .
The channel length is the dimension that is the most difﬁcult to
determine as the proportionality coefﬁcient CL can vary over a broad
range of values. As has been shown previously [11], the ratio
between i and L is not constant but it can vary for different thruster
geometry, gas mass ﬂow rate, and discharge voltages. The Melikov–
Morozov criterion can, however, be used to get a ﬁrst estimate of the
channel length by using a mean value for CL determined from the
database.
The procedure for a given input power is slightly different. The
channel mean diameter can be determined from the given input
power. Knowing the mean diameter d one can then determine the
thrust level. The remaining thruster dimensions and operating
parameters can then be calculated using the equations presented in
Sec. V.

B.

Thermal Load

During thruster operation a certain percentage of the input power P
is lost due to the plasma-wall interactions. Indeed, as shown in [19], a
relatively large energy ﬂux qp is deposited onto the discharge
channel walls, mostly due to ion and electron bombardment, which
results in a temperature increase of all thruster components.
Naturally, there is a maximum amount of power that can be passed to
the walls to limit the thermal load and to minimize the sputtering
yield of the wall material. One can set a maximum wall temperature
Tmax above which an efﬁcient operation of a Hall thruster is not
possible. The temperature Tmax therefore represents a thermal
constraint and it must be accounted for when designing a thruster.
A semi-empirical time-dependent thermal model of a Hall effect
thruster has been developed to determine the energy ﬂux qp from a
measurement of the temporal evolution of the channel wall
temperature [19]. Yet, this model can be used the other way, i.e., to
determine the wall temperature from the applied power and the
channel size. Here a simpliﬁed model of the thruster discharge
chamber is used. The thermal enclosure is solely composed of the
external and the internal cylindrical walls, meaning that the anode
and the rear part of the channel are not taken into account. A more
detailed description of the thermal model geometry is given in a
previous paper [11].
To assess the channel wall temperature, only the steady-state wall
temperature, i.e., the equilibrium temperature, is of relevance,
meaning that the transient regime is ignored. The temperature
gradient through the walls being weak, thermal exchanges can be
modeled considering radiation as the dominant heat transfer
mechanism [19]. Knowing the thruster dimensions L, h, and d, the
wall temperatures Tint and Text can be computed as a function of the
power transferred to the channel walls by the plasma-wall
interactions Pwall . As it was shown in a previous work [19], the ratio
Pwall
is a function of the thruster size and it decreases when the size
Pinput
rises. The process of calculating the wall temperatures can be
iterative: in case that the wall temperature is above Tmax , the
dimensions must be changed until the thermal constraint is satisﬁed.
In this work the maximum temperature for the BN-SiO2 walls is set
to: Tmax  900 K in compliance with outcomes of a study on the
thermal behavior of a Hall thruster performed a few years ago [20].
C.

Design of a 20 kW Hall Thruster

High-power Hall effect thrusters in the range of 10–30 kW and
able to deliver a thrust level around 1 N with a speciﬁc impulse of
about 2500 s, are thought to be used as primary propulsion system for
robotic space probes during interplanetary journeys [21,22]. Such
high-power Hall thrusters may also be of interest for orbit transfer
maneuvers of large satellites. Only a few high-power prototypes have
been developed in the world so far and a signiﬁcant research effort on
this speciﬁc technology is now appearing within Europe. For this
reason, the sizing method based on the aforementioned widely
applicable scaling relations in combination with our large database is
employed to design a 20 kW-class thruster with a thrust level of 1 N.
The discharge voltage is ﬁxed to Ud  500 V to limit the thermal
load and the secondary electron emission. Xenon is used as
propellant gas. The thruster channel walls are assumed to be made of
BN-SiO2 ceramics. The wall losses for the thermal constraint are
ﬁxed to 4% of the applied power.
The dimensions, the parameters and the estimated performances
of a 20 kW-class Hall thruster are given in Table 1. The external wall
Table 1 Computed dimensions, parameters and performances
evaluated from scaling relations for a 20 kW thruster delivering
1 N of thrust in the case of high hypothesis. The magnetic ﬁeld
strength is set to 200 G
Dimensions

Parameter

Parameters

Performances

d  270 mm
L  70 mm

Ud  500 V
_  41:5 mg=s
m
Id  34:3 A

P  17:2 kW
nn  1:3 1019 m3
Twall  670 K

T1 N
Isp  2456 s
  70%
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temperature is Text  640 K and the internal wall temperature is
Tint  700 K.

VII.
A.

Scaling Relations with Low Assumptions

List of Low Assumptions

To investigate the inﬂuence of the different assumptions on the
scaling model it is worth reducing the list of high assumptions given
in Sec. V. It has to be checked if the accuracy of the scaling relations
can be improved by using less restrictive assumptions. In the
remainder of the work the following assumptions are changed
compared with the assumptions presented previously:
1) The electron temperature is no longer considered to be constant
but it is assumed to increase linearly with the discharge voltage.
2) The potential energy is not fully converted into kinetic energy,
hence the voltage loss is assumed to be constant and equal 50 V.
3) Multiply charged ions are taken into account ( and  0  1), and
the fraction of doubly charged ions is assumed to increase linearly
with the voltage.
4) The ion beam is no longer considered to be parallel, the beam
divergence angle is assumed to be constant and equal to 30 .
B.

Available Data and Scaling Relations

Former studies showed that the electron temperature is a function
of the applied discharge voltage Ud [23]. Although experimental data
about the electron temperature is rare in the literature, we tried to
deduce a law on the evolution of Te as a function of Ud . The electron
temperature was measured by a ﬂoating movable probe [23] in hot
and cold regimes in the plasma plume of different Hall thrusters. The
different thrusters are: a 2 kW laboratory model with two different
conﬁgurations, a narrow (Raitses narrow) and a wide (Raitses wide)
one [23] and the NASA-173Mv1 with (NASA-173Mv11 ) and
without trim coil (NASA-173Mv12 ) [24]. The maximum electron
temperature, that is measured in the ionization region, for the
different voltages and thrusters is shown in Fig. 5. The evolution of
the electron temperature can be assumed to be linear for the different
thrusters. A linear ﬁt through all data points gives the following law
for the evolution of Te :
Te  0:12

Ud

(46)

As can be seen, this linear ﬁt is not quite precise but it is anyhow in
good agreement with the common rule-of-thumb that the electron
temperature is about one-tenth of the discharge voltage [2]. Therefore
it will be used for the determination of the scaling relations. Note that
here one assumes a single electron temperature whereas due to the
peculiar properties of the crossed-ﬁeld discharge of a HET one
should take into account two electron temperature components: Te
along the magnetic ﬁeld lines and Te perpendicular to the ﬁeld lines.

Fig. 4 Thrust as function of d2 Ud0:5 and the linear ﬁt for different Hall
effect thrusters (dashed line). For each thruster, some thrust values are
chosen around the point of normal operation.

Fig. 5 The maximum electron temperature Te as a function of the
discharge voltage for different Hall thrusters. The equation for the linear
ﬁt is: Te  0:12Ud .

The voltage losses in a Hall effect thruster can be calculated from
ion velocity measurements by laser-induced ﬂuorescence or by
means of a retarding potential analyzer. Figure 6 shows the evolution
of the loss term  as a function of the input power. The analyzed
thrusters are a SPT100 at a mass ﬂow rate of 2:5 mg=s and the PPS®
X000-ML on the one hand for a voltage series at a constant mass ﬂow
rate of 6 mg=s and on the other hand for a mass ﬂow series at a
constant discharge voltage of 300 V. As can be seen in Fig. 6, voltage
losses  are more or less ﬁxed for a given thruster geometry and
magnetic ﬁeld map. There is no obvious relation between  and
thruster size. For the determination of the scaling relations in this
work, a constant value of   50 V is used.
The plasma plume of a Hall thruster contains a nontrivial amount
of energetic, multiply charged ions. These multiply charged ions
have a higher velocity than singly charged ions when they are
accelerated through the same potential drop, which results in a higher
erosion rate. The production of multiply charged ions is a loss
mechanism for thrust, efﬁciency and mass ﬂow utilization. Figure 7
shows the evolution of the fraction of doubly charged ions Xe2 as a
function of the discharge voltage. The ion species fractions were
measured in the NASA-173Mv2 plume far-ﬁeld by means of an
E B probe [25]. The measurements were taken with the thruster
operating at an anode mass ﬂow rate of 10:0 mg=s. As can be seen in
Fig. 7, the Xe2 species fraction f2 increased from 0.04 to 0.12.
The evolution of the Xe2 fraction as a function of the discharge
voltage can be approximated by the following linear relation:

Fig. 6 Voltage losses for the SPT100 and the PPS® X000-ML
measured by RPA and LIF as a function of the discharge voltage. PPS®
_  6 mg=s),
X000-MLLIF1 operates at a constant mass ﬂow rate (m
whereas PPS® X000-MLLIF2 operates at a constant discharge voltage
(Ud  300 V).
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Table 2 Dimensions, parameters, and performances evaluated from
scaling relations under low assumptions for a 20 kW thruster
delivering 1 N of thrust. The magnetic ﬁeld strength is ﬁxed to 200 G.
Dimensions

Parameter

Parameters

Performances

d  324 mm
L  101 mm

Ud  500 V
_  49:19 mg=s
m
Id  33:65 A

P  16:8 kW
nn  1:2 1019 m3
Twall  707:5 K

T1 N
Isp  2072 s
  61%

CL
L  p
Ud

Fig. 7 Fraction of doubly charged ions as a function of the discharge
voltage for the NASA-173Mv2 at a mass ﬂow rate of 10 mg=s.

fXe2  1:325

104 Ud

(47)

The beam divergence angle is set to 30 . Considering an ion beam
that diverges uniformly upon the exit of the discharge channel,
the
p
beam divergence correction factor is: d  cos30   23.
The scaling relations in the case of low assumptions can then be
obtained from the equations in Sec. III in combination with the list of
low assumptions mentioned above and the relations between Te , ,
and f2 and the discharge voltage Ud
p

_ n Ud  
T  CT1
 dm
(48)


T  CT2


d

1 p d2
p Ud  
Ud
L

(49)

p
Ud  

(50)

Isp  CIsp 

d

1 d2
Id  CI  0 p
Ud L

(51)

p d2
P  CP  0 Ud
L

(52)

Again the validity of these relations can be veriﬁed using the
database. Figure 8 shows the thrust as a function of the product
p
 Ud   dL2 for different thrusters. The dashed line repre d p1
Ud
sents a linear ﬁt through all datapoints. As can be seen in Fig. 8 the
datapoints for the NASA-457M thruster are slightly above the
datapoints for the other thrusters. The NASA-457M was in fact
designed to be used either with xenon or with krypton. Krypton has a
lower mass and a higher ionization energy than xenon, thus the
discharge channel must be longer. The channel length of the NASA457M is probably a tradeoff for the two propellants.

C.

Sizing of a 20 kW Hall Thruster

The scaling relations developed using the low assumptions are
used for the design of a 20 kW-class Hall thrusters to be able to
compare the outcomes from the two sizing methods and to estimate
the impact of the simplifying assumptions. The design-procedure
under low assumptions is slightly different. For a ﬁxed discharge
2
voltage of Ud  500 V and a given thrust level, the product dL can be
determined using Eq. (49). The mass ﬂow rate, the speciﬁc impulse
and the discharge current can be determined using the Eqs. (48), (50),
and (51) given above. Assuming an atomic number density of
nn  1:2 1019 m3 the channel mean diameter can then be calculated from the mass ﬂow rate.
The dimensions, the operating parameters and the performances of
the 20 kW thruster with a thrust of 1 N are listed in Table 2. The
external wall temperature is Text  670 K and the internal wall
temperature is Tint  745 K.

D.

Fig. 8 Thrust as function of d 1=Ud0:5 Ud  0:5 d2 =L and the linear
ﬁt for different Hall effect thrusters (dashed line). For each thruster,
some thrust values are chosen around the point of normal operation. The
NASA-457M thruster is represented by the asterisk symbol.

(53)

Comparison Between the Two Approaches

When comparing the results for the two sets of scaling relations
(see Tables 1 and 2), one can see there are differences for the
operating conditions as well as for the characteristic dimensions of a
20 kW Hall thruster. Solely the value for the discharge current Id
stays almost unchanged. As voltage losses and the divergence angle
are taken into account in the case of low assumptions, the required
mass ﬂow rate is larger whereas the speciﬁc impulse is lower. The
characteristic dimensions are bigger in the case of low assumptions.
However, the two scaling approaches are in fact in reasonable
agreement as these scaling relations are solely supposed to give a ﬁrst
estimation of the required thruster dimensions and operating
conditions. As can be seen in Figs. 4 and 8 both set of scaling
relations are able to reproduce experimental data over a broad range
of power. The accuracy of the scaling relations in the case of low
assumptions is, however, lower. One reason for this is the error
introduced due to the lack of a sufﬁciently large number of
experimental data; this is especially true for the relation between the
electron temperature and the discharge voltage. The last approach
also suffers from other sources of inaccuracy. The evolution of
voltage losses with sizes is disregarded whereas  is less for larger
thrusters. Changes in the ion beam divergence with operating
conditions and geometry is not considered. In summary, to get a ﬁrst
estimation of the characteristic dimensions and operating conditions
for a given input power or a given thrust level, the scaling relations
developed in the case of high assumptions are likely sufﬁcient.

DANNENMAYER AND MAZOUFFRE

VIII.

Conclusions

The Hall effect thruster sizing method described in this work
considers the three characteristic thruster dimensions L, d and h, as
well as the magnetic ﬁeld strength B. The method relies on analytical
laws that are established from the fundamental principles that govern
the physics of a Hall thruster in the frame of simplifying assumptions.
Besides, the approach must fulﬁll stringent rules about atomic
number density and channel wall temperature. A vast database that
encompasses 33 single-stage Hall thrusters covering a power range
between 10 W and 50 kW allows to check the validity of the
developed scaling relations and to determine the values of the
corresponding proportionality coefﬁcients necessary to dimension a
new thruster. In this work, two different sets of scaling relations are
presented, one in the case of high assumptions and the other in case of
low assumptions. Both sets of scaling relations are employed to
obtain a ﬁrst estimate of characteristic dimensions, operating
parameters and performances of a 20 kW-class Hall thruster. A
comparison of the two methods reveals that reducing the number of
assumptions does not lead to an improvement of the accuracy.
Scaling relations under high assumptions are therefore satisfactory to
get a ﬁrst estimate of the geometry and the operating conditions of a
thruster, which permits to save time during the design and optimization phases.
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